In this paper we consider the directional short-time Fourier transform (DSTFT) that was introduced and investigated in (Giv in J. Math. Anal. Appl. 399:100-107, 2013). We analyze the DSTFT and its transpose on test function spaces S(R n ) and S(Y 2n ), respectively, and prove the continuity theorems on these spaces. Then the obtained results are used to extend the DSTFT to spaces of distributions.
Introduction
The idea of Candés to study the wavelet theory using directional sensitivity led to the in- Distribution theory is a very effective device in both pure and applied mathematics and the extension of integral transforms to generalized function spaces is an important research subject. The authors of [] extended the ridgelet transform on the space of (Lizorkin) distributions, while in this paper, we extend the DSTFT introduced by Giv on Schwartz distribution space S (R n ).
Preliminaries

Notation
The Fourier transform of a function φ is defined aŝ
We use the notations N  = N ∪ {}, and Y n for the set
where S n- stands for the unit sphere of R n . We always assume that
For the L  inner product of f and φ we use (f , φ) L  , while for dual pairing we use f , φ .
Spaces
The linear space of all rapidly decreasing smooth functions at infinity S(R n ) consists of all
We also need the Lizorkin test function space S  (R n ), that is, the space of highly timefrequency localized functions over R n [] . It is a closed subspace of S(R n ), and all moments 
for some s, C > , then F could be identified with an element of S (Y n ) via
The nuclearity of the Schwartz spaces [] yields the equality S( 
The STFT
. We write V * g for the adjoint of V g , given by
The definition of V g f can be generalized for f in larger classes than L  (R n ) if the dual pairing in (.) is well defined. Whenever A(R n ) is a time-frequency shift invariant topological vector space, one can take g ∈ A(R n ) and f ∈ A (R n ), [] . We emphasize that if
The Radon transform
Let f ∈ L  (R n ) be a function that is integrable on hyperplanes of R n . The Radon transform of f is defined as
where δ is the Dirac delta, u ∈ S n- , p ∈ R, and x · u = p specifies a hyperplane of
The Fourier transform and the Radon transform are connected by the Fourier slice theorem. According to it, the Fourier transform of the Radon transform can be computed as
The directional short-time Fourier transform
Let g ∈ S(R) be a non-zero window function and f ∈ L  (R n ). As in the case of ridgelets, 
Grafakos and Sansing in [] introduced the Gabor ridge functions
which behaves like a one-dimensional window in the direction of u and is constant along its orthogonal complement, and as in (.) the parameter a is used only for taking the Fourier transform. Giv defines the directional short-time Fourier transform (DSTFT) of an integrable function f ∈ L  (R n ) with respect to g via
where (u, b, a) ∈ Y n . Let we note that with (.) we obtain information for the time of the signal along the direction u. If we want to obtain information for the time and the frequency of the signal along the direction u, we can simply use the relation (.).
We must be careful if we want to extend the definition of the directional short-time Fourier transform to more general spaces. Even if f ∈ L  (R n ) the defining integral in (.) may not converge. Moreover, when trying to extend the directional short-time Fourier transform to distributions, (.) is not well defined for
This problem will be analyzed in Section . where the directional short-time Fourier transform of tempered distributions for g ∈ S  (R) will be defined.
The following lemma gives a useful relation between the directional STFT and the Fourier transform of the function f .
Lemma . For g ∈ S(R) and f
Proof From the definition of the Radon transform, the Fourier slice theorem (.), and Plancherel's theorem it is easy to obtain
In [], Theorem ., it is shown that for non-trivial g ∈ S(R) with synthesis window ψ ∈ S(R), and f ∈ L  (R n ) for whichf ∈ L  (R n ), the following reconstruction formula holds pointwise:
The reconstruction formula (.) suggests to define an operator that maps functions on Y n to functions on R n as superposition of functions g u,b,a . Given g ∈ S(R), we introduce the directional synthesis operator as
We note that for ∈ S(Y n ), the integral (.) is absolutely convergent.
Proposition . Let g ∈ S(R
We may write (.) as
This means that DS * g and DS g are formal transposes, and we will follow this idea when defining the distributional directional short-time Fourier transform.
Main results
Continuity of the directional STFT on S(R n )
The aim of this section is to prove that the mapping DS g :
For non-trivial g, the DSTFT DS g is injective and DS * g is surjective, due to the reconstruction formula (.). Recall that we endow S(Y n ) with the system of seminorms (.).
Notice that we can extend the definition of the DSTFT as a sesquilinear mapping DS : (f , g) → DS g f , whereas the directional synthesis operator extends to the bilinear form
Proof We will show that, given s, r, m, l, k ∈ N  , there exist ν, τ ∈ N and C >  such that
We may assume that r is even and s ≥ . . Using the definition of the directional STFT, we have
where P α,j (u) are certain bounded polynomials. Setting φ α+l (x) = x α+l φ(x), this yields
Because multiplication by x α+l and differentiation are continuous operators on S, we can assume that m = l = k = . . Observe that, by (.),
for some polynomials Q α,j . From (.), and writing g j (x) = x j g(x) and also φ α (x) = x α φ(x), we conclude that
Consequently, we can assume r = .
. Finally, we consider the term that involves multiplication by ( + |a|
. From the previous three estimates, we find that (.) holds if we take ν = k + l + r + s + and τ = k + m + r + s + .
We now analyze the directional synthesis operator.
Theorem . The bilinear mapping DS
hence, by Fourier inversion in polar coordinates, We now prove the continuity of the bilinear directional synthesis mapping. Since the Fourier transforms g →ĝ and → are continuous automorphisms on the S spaces, the families (cf. (.) and (.))
are bases of seminorms for the topologies of S  (R) and S(Y n ), respectively. We will define a different family of seminorms on S(R n ). The seminormsρ N,q,k , given bẏ
are a base of continuous seminorms for the topology of S(R n ). We show that given N, q, k ∈ N  there is C >  and ν ∈ N such thaṫ
Now, setting again φ(x) := DS * g (x), using equation (.), the Leibniz formula, and the Taylor expansion for g, we get
as claimed.
The directional STFT on S (R n )
Using the obtained continuity results, we will define the directional STFT on distributions. 
